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On the almost sure convergense of the quadratic
variation of the Brownian motion
(Shinobu Hosaka)
1
Brownian motion quadratic variation
. $W=(W_{t})_{0\leqleq 1}$ 1 Brownian
motion, $\pi_{n}\equiv\{t_{0}^{n}, t_{1}^{n}, \cdots, t_{k_{n}}^{n}\}$ $[0,1]$ ,
$Q(\pi_{n})$ $\equiv$ $\sum_{i=1}^{k_{n}}(W_{t^{n}}.\cdot-W_{t^{n}}|-1)^{2}$
$d(\pi_{n})$ $\equiv$ $\max\{t_{i}^{n}-t_{i-1}^{n} : i=1,2, \cdots, k_{n}\}$
,
: $narrow\infty$ $Q(\pi_{n})$ 1 ?
, .
1 (P.L\’evy (1940))
$\pi_{n}\subset\pi_{n+1}$ , $d(\pi_{n})arrow 0$ $(narrow\infty)$








2 $d(\pi_{n})$ order $Q(\pi_{n})$
, .
2 (F.Kozin (1957))
$d( \pi_{n})=o(\frac{1}{n^{2}}I$ $\Rightarrow$ $\lim_{narrow\infty}Q(\pi_{n})=1$ $a.s$ .
3 (R.M.Dudley (1973))
$d( \pi_{n})=o(\frac{1}{\log n}I$ $\Rightarrow$ $\lim_{narrow\infty}Q(\pi_{n})=1$ $a.s$ .
3 2 .
4 (W.Fernandez (1974)) $\pi_{n}$
:
$d( \pi_{n})=O(\frac{1}{\log n}I$ ,
$P( \lim_{narrow}\sup_{\infty}Q(\pi_{n})>1)=1$ .
5(A.Wr\’obel (1982)) $C>0$ ,
$\pi_{n}$ :
$d(\pi_{n})=o(\log^{-\alpha}n)$ for $0<\forall\alpha<1$ ,
$P( \lim_{narrow}\sup_{\infty}Q(\pi_{n})>c)=1$
$0(\log^{-\alpha}n)$ $O( \frac{1}{\log n}I$ . $-\supset$ , 4
$d(\pi_{n})$ order , 5
.




1 (D.L.Hanson -F.T.Wright (1971)) $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$




, $\alpha\equiv\min\{\frac{c_{1}\epsilon}{\max|a_{i}|},$ $\frac{c_{2}\in^{2}}{\sum_{i=1}^{n}a_{i}^{2}}\}$ .
, $a_{i}$ ,
. , Hanson -Wright ,
.
3 .
$\pi\equiv\{t_{0}, t_{1}, \cdots, t_{n}\}$ $[0,1]$ ,
$A_{i}\equiv[t_{i-1}, t_{i}]$ $(i=1,2, \cdots, n)$ ,
$a_{i}\equiv\mu(A_{i})$ ( $\mu$ CS Lebesgue measure),
$X_{i} \equiv\frac{1}{\sqrt{a_{i}}}\int_{0}^{1}I_{A;}(t)dW_{t}$
. , $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ $N(0,1)$ . ,
$\sum_{i=1}^{n}a_{i}X_{i}^{2}=Q(\pi)$ . 1 , $c_{1},$ $c_{2}>0$ ,
$\forall \mathcal{E}>0$ , $P(|Q( \pi)-1|\geq\epsilon)\leq 2\exp(-\min 1\frac{c_{1}\epsilon}{d(\pi)},$ $\frac{C_{2}\mathcal{E}^{2}}{d(\pi)}I)$ .









1 $c>0$ , $\omega\in\Omega$ ,
$[a, b]$ has $\omega$ -weight $c$ if $(W_{a}(\omega)-W_{b}(\omega))^{2}\geq 2c(b-a)$ .
: $\omega$-weight $c$ Er $6\vee\supset$ ei $l^{arrow}\cdot 1;\ell\grave{p}r_{\tilde{A}}t^{a}$ . $_{}\vee$
$P$ ( $\omega$ : $[a,$ $b]$ has $\omega$-weight $c$ ) $=P(\omega : (W_{a}(\omega)-W_{b}(\omega))^{2}\geq 2c(b-a))$
$=P(\omega$ : $( \frac{W_{b}(\omega)-W_{a}(\omega)}{\sqrt{b-a}})^{2}\geq 2c)$
$=2 \int_{\sqrt{2c}}^{\infty}\frac{1}{\sqrt{2\pi}}e^{-\frac{x^{2}}{2}}dx$
, $p\equiv P$ ( $\omega$ : $[a,$ $b]$ has $\omega$-weight c) . , $0<p<1$
.
5 .
$c>0$ , $m\in N$ ( $N$ ) , $\mathcal{E}>0$ .
4.1 $(m, \epsilon)$ -set $S$
,
$\forall\pi\in S$ , $d( \pi)\leq\frac{1}{m}$ ,
170
$P(\omega : \exists\pi\in S;Q(\pi)(\omega)\geq c)\geq 1-\epsilon$
$(m, \epsilon)$ -set $S$ .
$N\ni n,$ $M,$ $j$ $(j\leq M-1)$ , .
$I$ has $\omega$-weight $c\}$
$J(n, [a, b])\equiv[a, b]$ $n$
$A(n, j, M, \omega)\equiv\{I$ : $I\in J(n,$ $[ \frac{j}{M},\frac{j+1}{M}])$ ,
, $m_{1}$ :
$P$ ($\omega$ : $\# A(m_{1},j, m,\omega)\geq\frac{m_{1}p}{2}$ for $0 \leq\forall j\leq m-1)\geq 1-\frac{\mathcal{E}}{N}$ (2)
: $q(n) \equiv\sum_{k<^{\underline{n}_{2}}L}(\begin{array}{l}nk\end{array})p^{k}(1-p)^{n-k}$ , (2)
$(1-q(m_{1}))^{m}$ . $narrow\infty$ , $q(n)arrow 0$ , $m_{1}$
.
, $m_{i+1}$ :
$P$ ($\omega$ : $\# A(m_{i+1}, j, M_{i},\omega)\geq\frac{m_{i+1}p}{2}$ for $0 \leq\forall j\leq M_{i}-1)\geq 1-\frac{\mathcal{E}}{N}$
(3)
, $M_{i}\equiv mm_{1}\cdots m_{i}$ $(i=1,2, \cdots, N)$ .
, $m_{1},$ $m_{2},$ $\cdots,$ $m_{N}$ .
, . ( $[\cdot]$ )
$B_{1}(\omega)\equiv A(m_{1}, j, m, \omega)$ $[ \frac{m_{1}p}{2}]$
$(j=0,1, \cdots, m-1)$
$B_{i+1}( \omega)\equiv\bigcup_{k=1}^{i}B_{k}(\omega)$ , $A(m_{i+1},j, M_{i}, \omega)$
$[ \frac{m_{i+1}p}{2}]$ ($j=0,1,$ $\cdots$ , Mi–l)





(a) $\pi(\omega)$ , (b) .
$E_{i}\equiv\{\omega:\# A$ ( $m_{i},j$ , M $1,\omega$ ) $\geq\frac{m_{i}p}{2}$ for $0\leq\forall j\leq M_{i-1}-1\}$
( $i=1,2,$ $\cdots$ , N. , $M_{0}=m$).
$P(E_{i}) \geq 1-\frac{\mathcal{E}}{N}$ , $P( \bigcap_{i=1}^{N}E_{i})\geq 1-\epsilon$ . $arrow$ ,
$\omega\in\bigcap_{i=1}^{N}E_{i}$ $\Rightarrow$ $Q(\pi(\omega))>c$
. ,
$Q( \pi(\omega))=\sum_{i}(W_{t;}-W_{t_{i-1}})^{2/}\geq 2c\sum_{i}(t_{i}-t_{i-1})$ .
, $\Sigma’$ , $\omega$ -weight $c$





$l_{2}$ $=$ $(1-l_{1}) \frac{1}{m_{2}}[\frac{m_{2}P}{2}]$
$\geq$ $(1- \frac{p}{2})\frac{1}{m_{2}}(\frac{m_{2}p}{2}-1)$
$=$ $\frac{p}{2}(1-\frac{p}{2})-\frac{1}{m_{1}}(1-\frac{p}{2})\equiv\frac{p}{2}(1-\frac{p}{2})+r_{2}(m_{1}, m_{2})$
$l_{i}$ $\geq$ $\frac{p}{2}(1-\frac{p}{2})^{i-1}+r_{i}(m_{1}, m_{2}, \cdots, m_{i})$
172
, $r(m_{1}, m_{2}, \cdots, m_{N})\equiv\sum_{i=1}^{N}r_{i}(m_{1}, m_{2}, \cdots, m_{i})$ ,
$Q( \pi(\omega))\geq 2c\sum_{i=1}^{N}l_{i}$
$\geq 2c\sum_{i=1}^{N}\frac{p}{2}(1-\frac{p}{2})^{i-1}+2cr(m_{1}, m_{2}, \cdots, m_{N})$
$=2c \frac{p}{2}\frac{1-(1_{2}-E)^{N}}{2,2}+2cr(m_{1}, m_{2}, \cdots, m_{N})$
$\geq c+2cr(m_{1}, m_{2}, \cdots, m_{N})$
$m_{1},$ $m_{2},$ $\cdots,$ $m_{N}$ , $r(m_{1}, m_{2}, \cdots, m_{N})$
. ,
$\omega\in\bigcap_{i=1}^{N}E_{i}$ $\Rightarrow$ $Q(\pi(\omega))>c$
, (a), (b) , $(m, \epsilon)$ -set .
4.2 $(\pi_{n})$
$p\equiv P$ ( $\omega$ : $[a,$ $b]$ has $\omega$-weight c) , $N\in N$ ,
$(1- \frac{p}{2})^{N}\leq\frac{1}{2}$ . $N$ 0 , $\epsilon(j)\equiv\frac{N}{j^{2}}(j\in$
$N)$ . $j,$ $\epsilon(j)$ , $(j, \epsilon(j))-$ set .
$k_{j} \equiv\min$ { $\# S:S$ is $(j,$ $\epsilon(j))-$ set}
$k_{j}$ . , $S_{j}$ $\# S_{j}=k_{j}$ $(j, \epsilon(j))-$ set , $S_{j}$
$(\pi_{n})$ . ,
$(\pi_{n})$ :
\pi Sll’ $\frac{\pi_{k_{1}+1+k_{2}}}{S_{2}’ \text{ }},$
$\pi_{k_{1}+k_{2}+1},$ $\cdots$
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4.3 $d(\pi_{n})=0(\log^{-\alpha}n)$ for $0<\forall\alpha<1$
, $n$ , $r>0$ :





$m_{i+1}\equiv-[r\log(1-\eta^{\frac{m}{M_{j}}})]$ $(i=1,2, \cdots, N-1)$ (5)
, (2), (3) . , (2) , $P(E_{1})=(1-q(m_{1}))^{m}$ ,
(3) , $P(E_{i+1})=(1-q(m_{i+1}))^{M_{i}}$ , .
,
$M_{N}=mm_{1}\cdots m_{N}\leq\beta mm_{1}^{N}$ for some $\beta>1$ .
,













$\leq 2^{\beta Cm(\log m)^{N}}$ for some constant $C$
, (6) . ,
$\sum_{j=1}^{m}k_{j}\leq mk_{m}$
$\leq ma^{m(\log m)^{N}}$
$\leq b^{m(\log m)^{N}}$ for some constant $b>a$ .
, $0<\forall\alpha<1$ , $d(\pi_{n})=o(\log^{-\alpha}n)$ .





. , $1\leq\forall j\leq m(n)$ , $\pi_{n}\not\in S_{j}$ . , $n$
, $\pi_{n}\in s_{j_{0}}$ $j_{0}\in N$ . ,
$n \leq\sum_{j=1}^{j_{0}}k_{j}\leq b^{j_{0}(\log j_{0})^{N}}$










4.1 $(m, \epsilon)$ -set . ,
$P(\omega : \exists\pi^{(j)}\in S_{j}; Q(\pi^{(j)})(\omega)>c)\geq 1-\epsilon(j)$ .
, complement ,
$P( \omega : \forall\pi^{(j)}\in S_{j}, Q(\pi^{(j)})(\omega)\leq c)<\epsilon(j)=\frac{N}{j^{2}}$
, $jt$ , Borel-Cantelli’s
lemma .
, 5 .
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